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Abstract
In this paper, we study the contribution of the chiral vortical effect, in addition
to that of the chiral magnetic effect, to the evolution of the hypermagnetic field
and the matter-antimatter asymmetry in the symmetric phase of the early Universe
in the temperature range 100GeV ≤ T ≤ 10TeV. We choose a fully helical
Chern-Simons wave configuration for the velocity and the hypermagnetic vector
potential fields. The latter makes the plasma force-free in the absence of viscosity.
We show that the most pronounced effect of the chiral vorticity is the production
and initial growth of the hypermagnetic field. In particular, we show that in the
presence of a non-zero matter asymmetry, the hypermagnetic field can grow from
zero initial value only in the presence of a non-zero vorticity field. Moreover,
we show that this initial growth not only increases the maximum value of the
hypermagnetic field, but also causes the saturation of the hypermagnetic field and
the conversion of the lepton-baryon asymmetry to occur more quickly, i.e., at a
higher temperature. We show that the damping of the vorticity due to the presence
of viscosity, which typically occurs extremely rapidly, does not significantly affect
the evolution.
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1 INTRODUCTION
The origin of the matter-antimatter asymmetry in the Universe is an open problem
in the particle physics and cosmology. The amplitude of the baryon asymmetry
of the Universe (BAU) has been obtained from the observations of the cosmic
microwave background (CMB) and the big bang nucleosynthesis (BBN) and the
current accepted estimate is ηB ∼ 10−10 [1–3]. Many different mechanisms have
been suggested for producing this asymmetry from an initial matter-antimatter
symmetric state [4–6]. Assuming the CPT invariance, Sakharov stated three nec-
essary conditions for generating the BAU (baryogenesis): i) baryon number viola-
tion, ii) C and CP violation, iii) departure from thermal equilibrium [7]. However,
it has been shown that the third condition is not necessary in the absence of the
CPT invariance [8,9]. These conditions can be satisfied within the standard model
of particle physics. Charge conjugation symmetry is violated in the weak inter-
actions and CP is slightly violated through the CKM mechanism. The departure
from thermal equilibrium can occur due to phase transitions and the expansion of
the Universe. Furthermore, the baryon and the lepton numbers are violated due
to the weak sphaleron processes and the hypercharge Abelian anomaly at finite
temperature [10, 11]. In fact, the matter-antimatter asymmetry generation and the
magnetogenesis, which is the generation of long range magnetic fields in the Uni-
verse, are strongly intertwined via these hypercharge Abelian anomalous effects.
Long range magnetic fields have been widely observed in galaxies, super-
clusters, and recently in the intergalactic medium (IGM). The strength of these
magnetic fields have been measured or estimated by applying different meth-
ods [12–14]. The induced Faraday rotation effect is used to measure the strength
of the galactic magnetic fields, which is of the order of the microgauss in theMilky
Way and several spiral galaxies [14]. The temperature anisotropy of CMB puts an
upper bound on the strength of the magnetic fields,B ≤ 10−9G on the CMB scales
λ ≃ 1Mpc [15]. The observations of the gamma rays from blazars put the strength
of the intergalactic magnetic fields (IGMFs) in the range B ≃ 10−17−3×10−14G
on the scales as large as λ ≃ 1Mpc [16–18]. Furthermore, a non-vanishing he-
licity of these magnetic fields, with the strength B ≃ 5.5 × 10−14G, has been
inferred [19].
The origin of these galactic and intergalactic magnetic fields is also an open
problem [20–22]. Different mechanisms have been suggested which generally
pursue one of the following two approaches to explain the origin and evolution
of these long range magnetic fields in the Universe. One approach investigates
the generation of the magnetic fields through different astrophysical mechanisms
by assuming that the initial weak magnetic field is produced via a battery mecha-
nism [23–25]. The other one assumes that the magnetic fields have cosmological
origin, that is, the present magnetic fields are produced from seed fields in the
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early Universe [26–30]. Indeed, the presence of the magnetic fields at high red-
shifts everywhere in the Universe reinforces the idea that they have cosmological
origin [30]. The calculations of magnetic fields produced after the inflation usu-
ally suffer from the small-scale problem, that is, their comoving correlation length
is much smaller than the observed scales of the magnetic fields in the Universe.
In this paper, we pursue the latter approach and present a model that can produce
hypermagnetic fields before the electroweak phase transition (EWPT).
There are different processes that influence the evolution of the magnetic
fields, such as the adiabatic expansion, the Abelian anomalous effects, the mag-
netohydrodynamics turbulent dynamo effect, the viscosity diffusion, the inverse
cascade, and the direct cascade. Among these, the Abelian anomalous effects are
prominent since, as mentioned before, they interconnect the evolution of the mag-
netic fields to that of the matter-antimatter asymmetries [31–39]. These anoma-
lous effects show up through the Abelian anomaly and the Abelian Chern-Simons
term. In addition to the Abelian anomalous effects, the magnetohydrodynamics
turbulent dynamo effect also influences the evolution of the cosmological mag-
netic fields and their correlation length [40–47]. Indeed, turbulence is a complex
phenomenon, and one of the characteristic parameters in the turbulence is the
Reynolds number Re = Lv/ν, where L is the characteristic length scale, v is the
velocity, and ν is the kinematic viscosity. In this paper, we do not take turbulence
into account; however, we study the Abelian anomalous effects, while taking into
account the effects of velocity, as manifested in the form of vorticity, and the
viscosity in the plasma.
The Ablelian gauge fields, unlike the non-Abelian ones which acquire mass
gap ∼ g2T , remain massless. This, together with the fact that the plasma has
high conductivity, make it possible only for the Abelian magnetic fields to survive
in the plasma as long range gauge fields. The Abelian UY (1) anomaly emerges
as a result of the chiral coupling of the Abelian hypercharge gauge fields to the
fermions in the symmetric phase. The AbelianUY (1) anomalous processes violate
the baryon numberB and the lepton number L, but preserveNi = B/nG−Li and
consequently B − L. Here, Li is the lepton number of the ith generation and nG
is the number of generations. Indeed, these charges are the well known conserved
charges of the Standard Model which, along with the ones discussed below, can
be used to describe the plasma in thermal equilibrium.
In thermal equilibrium, the electroweak plasma can be described by nG chem-
ical potentials µi, corresponding to the aforementioned conserved charges, where
i = 1, .., nG. Furthermore, due to the hypercharge neutrality of the electroweak
plasma, there is also another chemical potential µY which corresponds to the hy-
percharge of the plasma. Moreover, at temperatures higher than TRL ∼ 10TeV,
the right-handed electron chirality flip rate is much lower than the Hubble expan-
sion rate. Therefore, the right-handed electron chirality flip processes are out of
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thermal equilibrium [48,49], and in the absence of the Abelian anomaly, the num-
ber of right-handed electrons is perturbatively conserved as well. Therefore, there
is another chemical potential which corresponds to the right-handed electrons (see
also [39]).
The Abelian Chern-Simons term emerges in the effective action of the UY (1)
gauge fields, due to the chiral coupling of the Abelian hypercharge gauge fields
to the fermions in the symmetric phase. The inclusion of the anomalous term in
the magnetohydrodynamics (MHD) equations, results in the anomalous magne-
tohydrodynamics (AMHD) equations. This is an important term which leads to
the well known chiral magnetic effect (CME). The AMHD equations describe the
coupling between the hypercharge gauge fields, and the velocity and the number
densities of the particles. Some authors have extensively studied the leptogene-
sis, the baryogenesis and the evolution of hypermagnetic fields in the context of
the AMHD equations, but without considering the potential role of the velocity
field [31–39].
The imbalanced chiral plasma which is affected by the CME in the presence
of a magnetic field, is also influenced by the chiral vortical effect (CVE) when
there is vorticity in the plasma [50]. The chiral magnetic and vortical currents
corresponding to these effects emerge in the AMHD equations and play impor-
tant roles in the evolution of the cosmological magnetic fields and the matter-
antimatter asymmetries. In the broken phase, the chiral magnetic and vortical
currents have the form ~Jcm ∝ (µR − µL) ~B, and ~Jcv ∝ (µ2R − µ2L)~ω, respectively,
where ~B is the Maxwellian magnetic field, ~ω = ∇ × ~v is the vorticity, and µR
and µL are the right-handed and the left-handed chemical potentials of the parti-
cles [50, 59].1 These currents are the macroscopic manifestation of the triangle
anomaly in the chiral theory [52–57]. The notable fact about these currents is
that they have a topological origin and are non-dissipative; therefore, they do not
contribute to the entropy production [58].
The effects of the chiral magnetic and vortical currents on the evolution of
the large scale magnetic fields and the matter-antimatter asymmetries have been
investigated by the authors of Ref. [59]. They have considered an incompress-
ible fluid that has a fully non-helical vorticity field in the same direction as the
magnetic field, but have ignored the viscosity damping effect. Recently, the effect
of chiral anomaly on the evolution of the magnetohydrodynamic turbulence has
been studied, as well [60]. However, the effects of the chiral vorticity and the vis-
cosity have not been taken into account. In another work related to the evolution
of the magnetic fields in the neutron stars, the authors have taken the chiral mag-
netic effect into account, while considering the axial number density as a time
and space dependent variable [62]. Then, they have added a new pseudoscalar
1The forms of these currents are different in the symmetric phase, and will be presented later.
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term ∇.S(t, x) to the evolution equation of n5(t, x), where S(t, x) is the mean
spin in the magnetized plasma. They have shown that the new term ∇.S(t, x)
produces chirality µ5(t, x), and as a result, the chiral magnetic effect leads to the
amplification of the seed magnetic field.
The main purpose of this paper is to present a simple model which starts with
an initial chiral vorticity and describes not only the generation of the hypermag-
netic field due to the CVE, but also its subsequent evolution which is mainly due
to the CME, before the electroweak phase transition. Indeed, we present the cor-
rect form of the chiral vortical coefficient in the symmetric phase and show that,
unlike the previous studies, the hypermagnetic field can be produced from zero
initial value in the presence of the chiral vorticity. Furthermore, we show that
the hypermagnetic field can be strengthened due to the CME. We also investigate
the effects of these chiral vortical and magnetic currents on the evolution of the
matter-antimatter asymmetries. In our model we use fully helical monochromatic
hypermagnetic and vorticity fields. Since the hypermagnetic field is fully helical,
~∇ × ~B ∝ ~B, it has no influence on the evolution of the velocity or the vorticity
fields [63]. We also investigate the effects of the viscosity on the evolution of
the vorticity and the hypermagnetic fields, and therefore, on the matter-antimatter
asymmetries [64]. We also present the correct form of the fluid helicity in the
symmetric phase which has been written incorrectly in some of the previous stud-
ies.
This paper is organized as follows. In Sec. 2, we present the anomalous mag-
netohydrodynamics equations, and obtain the vorticity and the helicity coefficients
in terms of the fermionic chemical potentials in the symmetric phase. In Sec. 3,
we consider the Abelian anomalous effects and derive the dynamical evolution
equations of the fermionic asymmetries. In Sec. 4, we solve the set of coupled
differential equations numerically for the hypermagnetic field, the vorticity field,
and the baryon and the first-generation lepton asymmetries. Finally, in Sec. 5, we
present our results and conclude.
2 ANOMALOUSMAGNETOHYDRODYNAMICS
In this section, we briefly review the AMHD equations in the expanding Uni-
verse. Magnetohydrodynamics is the study of the electrically conducting fluids,
combining both the principles of the fluid dynamics and the electromagnetism.
In the imbalanced chiral plasma, the magnetic field and the vorticity induce the
chiral magnetic effect (CME) and the chiral vortical effect (CVE), respectively.
The CME is the generation of the electric current parallel to an external magnetic
field, whereas the CVE is the generation of the electric current along the vorticity
field. In the presence of the Abelian anomaly, the MHD equations are generalized
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to the AMHD equations. The evolution equations of the neutral plasma in the
expanding Universe are given as (see Refs. [22, 65, 66] and also AppendixA and
B for details)
1
R
~∇. ~EY = 0, 1
R
~∇. ~BY = 0, (2.1)
∂ ~BY
∂t
+ 2H ~BY = − 1
R
~∇× ~EY , (2.2)
~JOhm = σ( ~EY + ~v × ~BY ), (2.3)
~J = ~JOhm + ~Jcv + ~Jcm =
1
R
~∇× ~BY − (∂
~EY
∂t
+ 2H ~EY ), (2.4)
~Jcv = cv~ω, (2.5)
~Jcm = cB ~BY , (2.6)
[
∂
∂t
+
1
R
(~v.~∇)+H ]~v+ ~v
ρ+ p
∂p
∂t
= − 1
R
~∇p
ρ+ p
+
~J × ~BY
ρ+ p
+
ν
R2
[∇2~v+ 1
3
~∇(~∇.~v)],
(2.7)
~ω =
1
R
~∇× ~v, (2.8)
∂ρ
∂t
+
1
R
~∇.[(ρ+ p)~v] + 3H(ρ+ p) = 0, (2.9)
where, ρ and p are the energy density and the pressure of the fluid, σ is the electri-
cal conductivity,R is the scale factor,H = R˙/R is the Hubble parameter, and ν is
the kinematic viscosity. Furthermore, ~v and ~ω are the bulk velocity and the vortic-
ity of the plasma, and the currents ~JOhm, ~Jcv, and ~Jcm are the Ohmic current, the
chiral vortical current, and the chiral magnetic current, respectively. The latter is
the one that promotes the ordinary MHD equations to the AMHD equations. Note
also that the terms like 2H ~BY and 2H ~EY in Eqs. (2.2) and (2.4) which contain
the Hubble parameter H , are due to the expansion of the Universe. The vortic-
ity and the helicity coefficients cv and cB appearing in Eqs. (2.5) and (2.6) are as
follows [35, 67, 68]
cv(t) =
g′
8π2
nG∑
i=1
(−YRµ2Ri+YLµ2LiNw−YdRµ2dRiNc−YuRµ
2
uRi
Nc+YQµ
2
Qi
NcNw),
(2.10)
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cB(t) =− g
′2
8π2
nG∑
i=1
[− (1
2
)Y 2RµRi − (
−1
2
)Y 2LµLiNw − (
1
2
)Y 2dRµdRiNc
− (1
2
)Y 2uRµuRiNc − (
−1
2
)Y 2QµQiNcNw
]
, (2.11)
where, nG is the number of generations, and Nc = 3 and Nw = 2 are the ranks
of the non-Abelian SU(3) and SU(2) gauge groups, respectively. Furthermore,
µLi(µRi), µQi, and µuRi (µdRi) are the common chemical potentials of left-handed
(right-handed) leptons, the left-handed quarks with different colors, and up (down)
right-handed quarks with different colors, respectively. Moreover, ‘i’ is the gen-
eration index, and the corresponding hypercharges are
YL = −1, YR = −2,
YuR =
4
3
, YdR = −
2
3
, YQ =
1
3
. (2.12)
Substituting the above constants in Eqs. (2.10) and (2.12) results in
cv(t) =
g′
8π2
nG∑
i=1
(2µ2Ri − 2µ2Li + 2µ2dRi − 4µ
2
uRi
+ 2µ2Qi), (2.13)
cB(t) = − g
′2
8π2
nG∑
i=1
(−2µRi + µLi −
2
3
µdRi −
8
3
µuRi +
1
3
µQi). (2.14)
In a previous study [38], we took the CME into account but neglected the
CVE. There, we made some assumptions and simplified the helicity coefficient cB
accordingly. In this paper, we take both the CME and the CVE into account. In the
following, we make the same assumptions and simplify the vorticity coefficient cv,
as well.
We assume that all quark Yukawa interactions2 are in equilibrium. Moreover,
because of the flavor mixing in the quark sector, we assume that all up or down
quarks which belong to different generations with distinct handedness have the
same chemical potential. Then, the following equilibrium conditions are obtained
[38, 49].
µuR − µQ = µ0, (2.15)
2They are: up-type Yukawa in processes uiRd¯
i
L ↔ φ(+) and uiRu¯iL ↔ φ(0), down-type Yukawa
in processes d
j
Ru¯
i
L ↔ φ(−) and djRd¯iL ↔ φ˜(0), and their conjugate reactions [67].
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µdR − µQ = −µ0. (2.16)
Where, µ0, µQ, and µuR (µdR) are the chemical potentials of the Higgs field, the
left-handed up or down quarks, and the right-handed up (down) quarks, respec-
tively. Then, for simplicity, we assume that the Higgs asymmetry is zero and
obtain [32, 38]
µuR = µdR = µQ. (2.17)
Using Eq. (2.17), we simplify Eqs. (2.13) and (2.14), and obtain
cv(t) =
g′
4π2
nG∑
i=1
(µ2Ri − µ2Li) (2.18)
and
cB(t) = − g
′2
8π2
nG∑
i=1
(−2µRi + µLi − 3µQ). (2.19)
We assume that only the contributions of the baryonic and the first-generation
leptonic chemical potentials to the helicity and the vorticity coefficients are non-
negligible. Then, Eqs. (2.18) and (2.19) reduce to the forms
cv(t) =
g′
4π2
(µ2eR − µ2eL), (2.20)
cB(t) = − g
′2
8π2
(−2µeR + µeL −
3
4
µB), (2.21)
where we have also used the equation µQ =
1
12
µB [38]. The time-dependent coef-
ficients cv(t) and cB(t) evolve in accordance to the evolution of their constituents,
the evolution equations of which will be obtained in the next section. Like what
is usually done in the ordinary MHD equations, the displacement current will be
neglected in the following. It should be noted that, neglecting the displacement
current in the comoving frame is equivalent to neglecting the term ∂t ~EY +2H ~EY
in the Lab frame. Using Eqs. (2.3) and (2.4) with the mentioned assumption, the
hyperelectric field can be obtained as
~EY =
1
σR
~∇× ~BY − cv
σ
~ω − cB
σ
~BY − ~v × ~BY . (2.22)
Putting the above expression for the hyperelectric field into Eq. (2.2), the evolution
equation of the hypermagnetic field can be obtained as
∂ ~BY
∂t
+
~BY
t
=
1
σR2
∇2 ~BY + cv
σR
~∇×~ω+ cB
σR
~∇× ~BY + 1
R
~∇× (~v× ~BY ), (2.23)
where we have used the equationH = 1/2t for the radiation dominated era.
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Since ~∇. ~BY = 0, the hypermagnetic field can be written as ~BY = (1/R)∇×
~AY , where ~AY is the vector potential of the hypermagnetic field. Let us consider
an incompressible fluid in the comoving frame [59, 60], which leads to the con-
dition of ∂tρ + 3H(ρ + p) = 0 in the lab frame. Then, combining this condition
with the continuity equation (2.9) results in ~∇.~v = 0. Therefore, in analogy with
the hypermagnetic field, the velocity field can be written as ~v = (1/R)~∇ × ~S,
where ~S is the vector potential of the velocity field. In this work, we concentrate
on the fully helical hypermagnetic and vorticity fields; To have such fields, we
choose the non-trivial Chern-Simons wave configuration for their vector poten-
tials [33, 35, 38]. That is,
~AY = γ(t)(sin kz, cos kz, 0), (2.24)
and
~S = r(t)(sin kz, cos kz, 0), (2.25)
where γ(t) and r(t) are the time-dependent amplitudes of the vector potentials ~AY
and ~S, respectively. Using these configurations, we get ~BY = (1/R)k ~AY , ~v =
(1/R)k~S, and ~ω = (1/R)k~v for the hypermagnetic, the velocity and the vorticity
fields. In the following, ~ω will be replaced by (1/R)k~v, wherever possible.
Let us compute the ensemble average of the hypermagnetic field energy den-
sity by using the aforementioned simple configuration as
EB(t) =
1
2
〈 ~BY (x, t). ~BY (x, t)〉
=
1
2
B2Y (t) =
1
2R2
k2γ2(t), (2.26)
where the angle brackets denote the ensemble average. Similarly, the hypermag-
netic helicity density can be computed as
HB(t) = 〈 ~AY (x, t). ~BY (x, t)〉 = k
R
γ2(t). (2.27)
It can be seen thatEB(t) = (k/2R)HB(t), which indicates that the hypermagnetic
field is fully helical.
In analogy with the hypermagnetic field, the fluid kinetic energy and the fluid
helicity can be defined as
Ev(t) =
ρ
2
〈~v.~v〉 = ρ
2
v2(t), (2.28)
and
9
Hv(t) =
nG∑
i=1
[
(
1
12
)(T 2Ri + T
2
Li
Nw + T
2
dRi
Nc + T
2
uRi
Nc + T
2
Qi
NcNw)
+ (
1
4π2
)(µ2Ri + µ
2
Li
Nw + µ
2
dRi
Nc + µ
2
uRi
Nc + µ
2
Qi
NcNw)
]〈~v.~w〉
=
nG∑
i=1
[15
12
T 2 + (
1
4π2
)(µ2Ri + 2µ
2
Li
+ 12µ2Q)
] k
R
v2(t), (2.29)
respectively [52, 69–71]. In Eq. (2.29), we have assumed that all particles are in
thermal equilibrium, and as mentioned earlier, µdR = µuR = µQ. It can be seen
that the time-dependent temperatures and chemical potentials play important roles
in the fluid helicity, and even with constant velocity, the fluid helicity decreases as
R−3 due to the expansion of the Universe.
Using the simple configurations for the vector potentials of the hypermagnetic
and the velocity fields as given by Eqs. (2.24) and (2.25), and their consequent
relations, ~BY = (1/R)∇× ~AY = (1/R)k ~AY and ~ω = (1/R)∇× ~v = (1/R)k~v,
Eqs. (2.22) and (2.23) reduce to the forms
~EY =
k′
σ
~BY − cv
σ
k′~v − cB
σ
~BY , (2.30)
and
∂ ~BY (t)
∂t
+
~BY (t)
t
=
−k′2
σ
~BY (t) +
cv
σ
k′2~v(t) +
cB
σ
k′ ~BY (t), (2.31)
respectively, where k′ = k/R = kT . It can be seen that the length scale of the
hypermagnetic field increases due to the expansion of the Universe. Note that
both the hypermagnetic and the velocity fields are in the same direction; thus, the
advection term ~v × ~BY in Eqs. (2.22) and (2.23) has been set to zero.
Let us now consider the evolution equation of the velocity field. Neglecting
the displacement current in Eq. (2.4), the total current becomes ~J = (1/R)∇ ×
~BY ; therefore, ~J × ~BY vanishes in Eq. (2.7). Furthermore, the incompressibility
condition of the fluid, ∂tρ + 3H(ρ + p) = 0, not only leads to ~∇.~v = 0, as
stated earlier, but also ensures that H~v + ~v∂tp/(ρ + p) = 0 in Eq. (2.7). After
neglecting the gradient terms in Eq. (2.7),3 the evolution equation of the velocity
field simplifies to
∂~v
∂t
= −νk′2~v. (2.32)
3The term (~v.∇)~v is neglected since it is next to leading order. Furthermore, ~∇p = 0 because
the fluid pressure is only time-dependent.
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Note that in the radiation dominated era, only the shear viscosity contributes to
the non-ideal stress energy tensor and the bulk viscosity becomes zero. In the
next section, the evolution equations of the fermion numbers will be obtained.
3 ABELIAN ANOMALY AND FERMION NUM-
BER VIOLATION
In this section, we briefly review theUY (1)Abelian anomaly equations, and obtain
the evolution equations of the leptonic and the baryonic asymmetries in the sym-
metric phase. Before the electroweak phase transition, in contrast to the broken
phase, the fermion numbers are violated, due to the fact that the coupling of the
hypercharge fields to the fermions is chiral. This shows up in the UY (1) Abelian
anomaly equations [31]. These anomaly equations for the first-generation leptons
are
∂µj
µ
eR
= −1
4
(Y 2R)
g′2
16π2
Yµν Y˜
µν =
g′2
4π2
~EY . ~BY ,
∂µj
µ
eL
= ∂µj
µ
νLe
=
1
4
(Y 2L )
g′2
16π2
YµνY˜
µν = − g
′2
16π2
~EY . ~BY . (3.1)
In addition to the Abelian anomaly that violates the lepton numbers, the perturba-
tive chirality flip reactions should also be considered in the evolution equations of
the leptonic asymmetries as
dηeR
dt
=
g′2
4π2s
〈 ~EY . ~BY 〉+ 2ΓRL(ηeL − ηeR),
dηeL
dt
=
dηνLe
dt
= − g
′2
16π2s
〈 ~EY . ~BY 〉+ ΓRL(ηeR − ηeL), (3.2)
where, ηf = (nf − nf¯)/s with f = eR, eL, νLe is the fermion asymmetry, s =
2π2g∗T 3/45 is the entropy density, and g∗ = 106.75 is the effective number of
relativistic degrees of freedom. It should be noted that we are assuming ηeL ≈ ηνLe ,
based on the fast SU(2) interactions in the SU(2) doublet. The chirality flip rate
ΓRL that appears in the above equations is [33]
ΓRL = 5.3× 10−3h2e(
m0
T
)2T = (
Γ0
2tEW
)(
1− x√
x
), (3.3)
where the variable x = t
tEW
= (TEW
T
)2, in accordance with the Friedmann law,
tEW =
M0
2T 2
EW
, M0 = MP l/1.66
√
g∗, and MP l is the Plank mass. In addition,
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he = 2.94 × 10−6 is the Yukawa coupling of the right-handed electrons, Γ0 =
121, and m20(T ) = 2DT
2(1 − T 2EW/T 2) is the temperature-dependent effective
Higgs mass at zero momentum and zero Higgs vacuum expectation value. The
coefficient 2D ∼ 0.377 in the expression for m20(T ) has contributions coming
from the known masses of gauge bosons mZ and mW , the top quark mass mt,
and the zero-temperature Higgs mass [33]. Using the expression for the fermionic
chemical potential, µf = 6(nf−nf¯ )/T 2, and the changes of variables, ξf = µf/T
and ηf = ξfT
3/6s, we obtain
dξeR
dt
=
3g′2
2π2T 3
〈 ~EY . ~BY 〉+ 2ΓRL(ξeL − ξeR),
dξeL
dt
=
dξνLe
dt
= − 3g
′2
8π2T 3
〈 ~EY . ~BY 〉+ ΓRL(ξeR − ξeL). (3.4)
By considering the conservation law ηB/3− ηLi = const. and the evolution equa-
tions of the lepton asymmetries, the evolution equation of the baryon asymmetry
can be obtained as
1
3
dξB
dt
=
dξeR
dt
+ 2
dξeL
dt
=
3g′2
4π2T 3
〈 ~EY . ~BY 〉. (3.5)
In the above equations, we need to know the exact form of 〈 ~EY . ~BY 〉. We use Eq.
(2.30) and get
〈 ~EY . ~BY 〉 = k
′
σ
B2Y (t)−
cB
σ
B2Y (t)−
cvk
′
σ
v(t)BY (t), (3.6)
where the vorticity coefficient, cv, and the helicity coefficient, cB , are given by
Eqs. (2.20,2.21), respectively. Then, using σ = 100T , R = 1/T , ν ≃ 1/(5α2Y T )
[64, 72], where αY = g
′2/4π is the fine-structure constant for the UY (1) gauge
fields, and the aforementioned expressions for cv and cB , Eqs. (3.6), (2.31), and
(2.32) become
〈 ~EY . ~BY 〉 =B
2
Y (t)
100
[
k′
T
− g
′2
4π2
(
ξeR −
ξeL
2
+
3
8
ξB
)]
− g
′
400π2
(
ξ2eR − ξ2eL
)
k′Tv(t)BY (t), (3.7)
dBY (t)
dt
=
BY (t)
100
[
−k
′2
T
+
k′g′2
4π2
(
ξeR −
ξeL
2
+
3
8
ξB
)]
− BY (t)
t
+
g′
400π2
(
ξ2eR − ξ2eL
)
k′2Tv(t), (3.8)
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dv(t)
dt
= − k
′2
5α2Y T
v(t). (3.9)
Using Eq. (3.7), and the relations yR = 10
4ξeR , yL = 10
4ξeL , x = t/tEW =
(TEW/T )
2, and 1Gauss ≃ 2 × 10−20GeV2, we can rewrite Eqs. (3.4), (3.8), and
(3.9) in the forms
dyR
dx
=
[
C1 − C2
(
yR − yL
2
+
3
8
yB
)](
BY (x
1020G
)2
x3/2
− C3
(
y2R − y2L
)
v(x)
(
BY (x)
1020G
)√
x− Γ01− x√
x
(yR − yL), (3.10)
dyL
dx
=− 1
4
[
C1 − C2
(
yR − yL
2
+
3
8
yB
)](
BY (x)
1020G
)2
x3/2
+
C3
4
(
y2R − y2L
)
v(x)
(
BY (x)
1020G
)√
x+ Γ0
1− x
2
√
x
(yR − yL), (3.11)
dBY
dx
=
C4√
x
[
−
(
k
10−7
)
+
103αY
π
(yR − yL
2
+
3
8
yB)
]
BY (x)− BY (x)
x
+ C5
(
y2R − y2L
) v(x)
x3/2
, (3.12)
dv(x)
dx
= − C6√
x
v(x), (3.13)
where
C1 = 25.78
(
k
10−7
)
, C2 = 77.79, C3 = 0.0534
(
k
10−7
)
g′3
2π4
,
C4 = 0.356
(
k
10−7
)
, C5 = 89× 1013 g
′
2π2
(
k
10−7
)2
, C6 =
7.12
α2Y
(
k
10−7
)2
.
(3.14)
Following steps analogous to those for the derivation of Eq. (3.5), we obtain
the evolution equation of the baryon asymmetry in the form
dyB
dx
=
3
2
[
C1 − C2
(
yR − yL
2
+
3
8
yB
)](
BY (x)
1020G
)2
x3/2
− 3
√
x
2
C3
(
y2R − y2L
)
v(x)
(
BY (x)
1020G
)
, (3.15)
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where yB = 4× 104π2g∗ηB/15. The terms containing v(x) in Eqs. (3.10), (3.11),
(3.12), and (3.15) are due to the presence of the chiral vorticity in the plasma. In
the next section we will solve this set of coupled differential equations numerically
and discuss the results.
4 NUMERICAL SOLUTION
In this section, we solve the set of coupled differential equations obtained in Sec.
3 numerically, and compare the results with the ones obtained in the non-vortical
plasma. The equations are solved with the initial conditions k = 10−7, B(0)Y = 0,
y
(0)
R = 10
3, y
(0)
L = y
(0)
B = 0, and four different values for the initial velocity,
v(0) = 0, 10−18, 10−10, and 10−3. The initial velocities are all within the domain
of validity of the non-relativistic approximation. The results are shown in Fig. 1.
Figure 1 shows that lepton asymmetries are equalized rather quickly by the
chirality flip processes. As shown in the Figs. 1(a-d), if the initial velocity, and
hence the vorticity, is zero, nothing else happens. That is, the lepton asymmetries
remain constant, and the baryon asymmetry and the hypermagnetic field ampli-
tude remain zero. However, if the initial vorticity is non-zero, the CVE causes BY
to grow extremely rapidly at the start of its evolution, essentially creating a seed
field for it. By increasing the initial velocity, the seed field becomes stronger, and
its ensuing growth due to the CME leads to yet larger values (see Fig. 1e). The
scale of this initial growth can be seen in Fig. 1f, which shows how quickly the
initial velocity is damped by the viscosity.
WhenBY is produced, it grows until it reaches a maximum or saturation value
at a critical time, and a concurrent transition occurs: the lepton and baryon asym-
metries decrease rapidly (see Figs. 1(a-e)). After this transition, the matter asym-
metries stay constant, while BY decreases precisely exponentially and relatively
slowly due to the expansion. The reason for the inclusion of Fig. 1e is to display
clearly the changes of BY for values below 10
21 Gauss, and in particular show
that at the end of the time interval, which is the onset of the electroweak phase
transition, BY ≈ 1020. This final value is almost independent of its initial seed, as
long as it is nonzero, and depends only on the initial matter asymmetries [35, 38].
Figure 1 shows that by increasing the initial velocity, and hence the vorticity, the
critical time decreases, or, equivalently, the critical temperature increases.
Next, we want to examine the behavior of the velocity field and the CVE more
closely. First we should mention that since the hypermagnetic field is fully helical,
i.e. ~∇ × ~BY = α~BY , it cannot affect the evolution of the velocity or the vortic-
ity fields [63]. This would, in the absence of viscosity, make the plasma force
free. Indeed, these fields decrease exponentially due to the kinematic viscosity
and rapidly tend to zero, as can be seen in Fig. 1. However, as stated earlier, their
14
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Figure 1: Time plots of the lepton and the baryon asymmetries and the hypermagnetic field
amplitude in the presence of the viscosity with the initial conditions k = 10−7, B
(0)
Y = 0, y
(0)
R =
103, and y
(0)
L = y
(0)
B = 0. The solid line is for v0 = 10
−3, large dashed line for v0 = 10
−10,
dashed line for v0 = 10
−18, and dotted line for v0 = 0.
a: Left-handed lepton asymmetry, ηeL .
b: Right-handed lepton asymmetry, ηeR .
c: Baryon asymmetry, ηB .
d: The hypermagnetic field amplitude,BY .
e: The log plot of BY (The case for v0 = 0 yielding BY = 0 cannot be displayed).
f: The velocity field amplitude for v0 = 10
−3 and 10−4 ≤ x ≤ 1.01× 10−4.
very brief presence can significantly affect the evolution of the hypermagnetic
field and thus the matter asymmetries.
The question that we address next is what would happen if the viscosity is zero.
For this purpose the set of coupled differential equations are solved with the initial
15
conditions y
(0)
R = 10
3, B
(0)
Y = 0, y
(0)
L = y
(0)
B = 0, and v0 = 10
−10, in the presence
and absence of viscosity. Figure 2 shows that in a non-viscose plasma, although
the velocity and the vorticity fields remain constant, the aforementioned effects
due to the chiral vorticity on the matter asymmetries and the hypermagnetic field
are not significantly altered. The most important effect of the absence of viscosity
is that the seed produced for BY by the vorticity is stronger. Hence, the CME can
increase the amplitude of BY to its saturation curve sooner, i.e., at higher value of
critical temperature, as compared to the plasma with the non-zero viscosity. The
drops in the values of matter asymmetries at the transition are unchanged.
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Figure 2: Time plots of the lepton and the baryon asymmetries and the hypermagnetic field
amplitude with the initial conditions y
(0)
R = 10
3, B
(0)
Y = 0, and y
(0)
L = y
(0)
B = 0, and v0 = 10
−10.
Dashed line is obtained for non-zero viscosity and dotted line for zero viscosity.
a: Left-handed lepton asymmetry, ηeL .
b: Right-handed lepton asymmetry, ηeR .
c: Baryon asymmetry, ηB .
d: The amplitude of the hypermagnetic field, BY .
This ineffective role of the vorticity after producing the initial seed for BY
is mainly due to the fact that after the electron chirality flip reactions come into
equilibrium, the vorticity coefficient cv vanishes. This in turn is due to the fact
that the contributions of the chemical potentials of the right-handed and the left-
handed electrons to cv cancel each other. Therefore, after the electron chirality
flip reactions come into equilibrium, the CVE is turned off, even if the vorticity is
16
large. In fact, the chirality flip reactions in the temperature range under consider-
ation are important and cannot be neglected. Finally, it should be emphasized that
the evolution of matter asymmetries and the hypermagnetic field amplitude are
almost independent of the initial value of the vorticity and the viscosity, as long
as the former is non-zero.
5 CONCLUSION
In this paper, we have studied the effects of the chiral vorticity on the evolution of
the hypermagnetic field and the matter asymmetries in the early Universe and in
the temperature range 100 GeV ≤ T ≤ 10 TeV. Starting with an initial vorticity
and large matter asymmetries at 10 TeV, we have investigated the production and
growth of the hypermagnetic field, and the evolution of the matter asymmetries
and the vorticity till the onset of the electroweak phase transition, i.e. 100 GeV.
We have chosen the non-trivial Chern-Simons configuration with a monochro-
matic spectrum for the vector potentials of both the hypermagnetic and the veloc-
ity fields, with the same characteristic wave number k = 10−7 in the comoving
frame. Since the hypermagnetic field is fully helical, i.e., ~∇ × ~B = α~B, it has
no effect on the evolution of the velocity or the vorticity fields. This is due to the
fact that the term ~J × ~BY vanishes in the Navier-Stokes equation. By considering
an incompressible homogeneous plasma, the only remaining term in the Navier-
Stokes equation is the kinematic viscosity one, which leads to the exponential
decrease of the vorticity.
Our most important result is that, an initial vorticity and matter asymmetries
can produce a seed for the hypermagnetic field in the plasma via the CVE. This
cannot occur if only the CME is taken into account. Subsequently, the CME leads
to the growth of the hypermagnetic field amplitude until it reaches its maximum
value. At this time a transition occurs where the matter asymmetries suddenly
change, while preserving B − L, to attain their constant final values. We have
shown that increasing the vorticity in the plasma leads to a stronger seed of the
hypermagnetic field which then grows to yet a larger maximum value. More-
over, the critical time decreases, or equivalently the critical temperature increases.
Later, the amplitude of the hypermagnetic field decreases gradually due to the
expansion of the Universe, while its length scale increases as λ = 2pi
√
x
kTEW
, where
10−4 ≤ x ≤ 1.
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6 APPENDIX A
It is known that the Universe in large scale is homogeneous and isotropic, so
its geometry can be described by a conformally flat metric of the Friedmann-
Robertson-Walker (FRW) type with the form
ds2 = dt2 − R2(t)δijdxidxj , (6.1)
where t is the physical time, xis are the comoving coordinates, and R(t) is the
scale factor. Then, the effective Lagrangian density for the hypercharge gauge
fields at finite fermion density and in the curved space-time can be written as
[73, 74]
£ =
√−g£ˆ
=
√−g[−1
4
FµνF
µν − JµOhmAµ +
cB
4
ǫ˜ijkF
ijAkR3 +
cv
2
ǫ˜ijkω
ijAkR3], (6.2)
where F µν = ∇µAν − ∇νAµ is the field strength tensor, Aµ is the hypercharge
vector potential, g is the determinant of the FRW metric defined in Eq. (6.1), and
∇µ is the covariant derivative with respect to this metric. Moreover, JµOhm =
(J0, ~J/R) is the Ohmic four-vector current, ǫ˜ijk = −ǫ˜ijk is the Levi-Civita sym-
bol, ωij = ∇iuj − ∇jui is the antisymmetric vorticity tensor, and ~u = ~v/R is
the bulk velocity of the plasma in the curved space-time. The vorticity and the
helicity coefficients cv and cB appearing in Eq. (6.2) are given in Eqs. (2.10,2.11),
respectively. Using the effective Lagrangian density, as given by Eq. (6.2), in the
following equation
∂£ˆ
∂Aν
−∇µ[ ∂£ˆ∇µAν ] = 0, (6.3)
the Euler-Lagrange equations for the hypercharge gauge fields in the curved space-
time can be obtained as
∇µF µν = JνOhm −
cB
2
ǫ˜ijkF
ijgkkδνkR
3(t)− 1
R2(t)
cvǫ˜ijk(∇ivj)δνk . (6.4)
Note also that the only non-vanishing Christoffel symbols of the metric (6.1) are
Γ0ij = RR˙δij and Γ
i
0j = Γ
i
j0 = R˙/Rδ
i
j . It can be seen that three different types
of electric current appear in the rhs of Eq. (6.4). These are the Ohmic current
JνOhm, the zeroth component of which is zero due to the hypercharge neutrality in
the plasma, the chiral magnetic current Jνcm = (0, cB ǫ˜ijkF
ijR/2), and the chiral
vortical current Jνcv = (0,−cvǫ˜ijk(∇ivj)/R2). By using F ij = −ǫ˜ijk(Bk/R2) and
ǫ˜ijk(∇ivj) = wk = −wk, these chiral currents simplify to Jνcm = (0, cB ~BY /R)
and Jνcv = (0, cv ~w/R), respectively.
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Considering ν = 0 in Eq. (6.4), the Gauss’s Law is obtained as
1
a
∇. ~EY = ρtotal = 0, (6.5)
the rhs of which vanishes due to the hypercharge neutrality of the plasma. Then,
considering ν = i in Eq. (6.4), the time evolution of the hyperelectric field in
the presence of the CME and the CVE, and in the expanding Universe (Ampere’s
Law) will be obtained as
∂t ~EY + 2H ~EY =
1
R
(∇× ~BY )− ~JOhm − cB ~BY − cv~ω. (6.6)
In the above equation, the term 2H ~EY is due to the scaling of the hyperelectric
field in the expanding Universe. In order to obtain the two other Maxwell’s equa-
tions, the following Bianchi identity is used
∇µFνρ +∇ρFµν +∇νFρµ = ∂µFνρ + ∂ρFµν + ∂νFρµ = 0, (6.7)
which results in
∇. ~BY = 0, (6.8)
and
∂t ~BY + 2H ~BY = − 1
R
(∇× ~EY ). (6.9)
It can be seen that, similar to the hyperelectric field, the hypermagnetic field is
also scaled as R−2.
7 APPENDIX B
The plasma of the early Universe contains different types of constituents which
are sufficiently strongly coupled to be considered as a fluid [22]. Moreover, It
can be considered as an ideal fluid with the equation of state p = ρ/3 in the
radiation dominated era, where p and ρ are the pressure and the energy density of
the plasma, respectively. The energy momentum tensor of this ideal fluid in the
presence of the hypercharge electromagnetic fields can be written as
T µν = T µνf + T
µν
em , (7.1)
where
T µνf = (ρ+ p)U
µUν − pgµν , (7.2)
and
T µνem =
1
4
gµνF αβFαβ − F νσF µσ. (7.3)
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In the above equations, Fαβ = ∇αAβ − ∇βAα, Uµ = γ(1, ~v/R) is the four-
velocity of the plasma normalized such that UµUµ = 1, and γ is the Lorentz
factor. Due to the ideal fluid assumption, the non-ideal effects are ignored in Eq.
(7.2) [75]. Since the Einstein tensor obtained from the metric (6.1) is diagonal,
not only the hypercharge electromagnetic field density must be small compared to
the energy density of the Universe [75], but also the bulk velocity should respect
the condition |~v| ≪ 1, or equivalently γ ≃ 1 and Uµ ≃ (1, ~v/R). Using the
conservation equation of the energy momentum tensor∇µT µν = 0, the conserva-
tion equation of the energy density and the continuity equation can be obtained.
Considering ν = 0, we get
∂tρ+ ~∇.[(ρ+ p) ~u
R
] + 3H(ρ+ p)(1 + u2) = ~EY . ~J, (7.4)
where ~J = ~JOhm + cB ~BY + cv~ω. The second order term in the velocity field and
the term ~EY . ~J appearing in the above equation are usually neglected. Considering
ν = j, the continuity equation can be obtained as
[∂tρ+
1
R
~∇.[(ρ+ p)~v] + 3H(ρ+ p)]~v + [∂tp+H(ρ+ p)]~v
+ (ρ+ p)∂t~v + (ρ+ p)
~v.~∇
R
~v +
~∇p
R
= ρtotal ~EY − ( ~BY × ~JOhm)− cv ~BY × ~ω.
(7.5)
In the rhs of Eq. (7.5), the second and the third terms are obtained from ~BY × ~J .
Furthermore, the term ρtotal ~EY vanishes since J
0
cm = J
0
cv = 0 and the plasma is
electrically neutral.
Let us now obtain the equations for the anomalous divergence of the matter
currents in the symmetric phase and in the curved space-time. Due to the chi-
ral coupling of the hypercharge fields to the fermions, the fermion numbers are
violated as
∇µJµi = Ci ~EY . ~BY , (7.6)
where Jµi is the fermionic current andCi is its corresponding Anomaly coefficient.
The above equation can also be written in the form
∂tJ
0
i +
1
R
~∇. ~Ji + 3HJ0i = Ci ~EY . ~BY . (7.7)
Then, by integrating over all space and dividing by volume, the second term van-
ishes and we obtain
∂t(ni − n¯i) + 3H(ni − n¯i) = Ci〈 ~EY . ~BY 〉, (7.8)
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where ni and n¯i are the number densities of the ith species of the fermion and the
anti-fermion, respectively. Using the relation s˙/s = −3H , we obtain
s∂t(
ni − n¯i
s
) = Ci〈 ~EY . ~BY 〉, (7.9)
where s is the entropy density.
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